Let (A, G, a) be a C*-dynamical system such that G is compact, and let d be a closed *-derivation in A commuting with a. If -A a p\^(5)Cker5 and A a is contained in the center of A, then d is the generator of a strongly continuous one-parameter group of ^-automorphisms of A commuting with a.
§ 1. Introduction.
We shall consider the problem of whether a closed *-derivation in a C*-algebra commuting with an action of a locally compact group is the generator of a strongly continuous one-parameter group of ^-automorphisms of the C*-algebra.
S. Sakai [14] first proposed this question and proved that a non-zero closed derivation in C(T) commuting with translations by elements of T is a constant multiple of differentiation. The same result for C 0 CR) has been obtained by C. J. K. Batty [4] and F. Goodman [8] . F. Goodman [9] and H. Nakazato [13] generalized it to every locally compact group and compact group, respectively. In [9] the case that a locally compact group acts on its homogeneous space has also been considered.
In the present paper we answer this problem in the affirmative for every ergodic action of a compact group. We shall also give some related results on non-ergodic actions of compact groups. §2. Notation and Preliminaries Let a be a strongly continuous representation of a locally compact group G on a Banach space X which is bounded. Then a induces a continuous representation of L\G) on X defined as follows: for fe=L\G\ a^X and where dg denotes a left Haar measure of G ; see [3] . Communicated By a C*-dynamical system we mean a triplet (A, G, a} of a C*-algebra A, a locally compact group G and a strongly continuous representation a of G bŷ -automorphisms of A. If G is compact, then \a g dg is a faithful projection of norm one onto the fixed-point algebra A a under a, denoted by E.
A linear mapping d in a C*-algebra A is said to be a derivation if its domain
A derivation <5 is said to be a *-derivation if £D($) is self-adjoint and d(a*)=<5(a)* for any a^S)(d}. If a *-derivation is a generator in A, then it is clearly the generator of a strongly continuous one-parameter group of ^-automorphisms of A.
Let ^ be a G-invariant state of ^4 and {TT^, Jf^, £0} the GNS-representation associated with <j>. By a$ and £7^ we denote a strongly continuous representation of G on 7r^(^4) and a continuous unitary representation of G on ^ such that a%ont = icfa 8 , U^a^=a^(a)^ and a{ (a) =C7 "JaC/J* for any aeTr^^). We note that the fixed-point algebra of 7r0(^4) under a^ coincides with n^(A a } f provided that G is compact.
If d is a derivation in ./L and 0 is a state of A with 0°<5=0, then 5 induces a derivation <^ in 7T0G4) with the domain 7r0C0(5)) such that d^( for any ae^?(3). In fact, for any aeker^n^W, b^3)(S) and c and so <5(ker 7rT hroughout this paper, let (^4, G, a) denote a C*-dynamical system with a The set of all G-invariant states of A is separating, and so also is the set of all G-ergodic states of A. Thus the conditions (i)-(iii) are equivalent.
If one of the above conditions is satisfied, then the set 8 of all G-ergodic states of A is closed in the state space of A, and hence locally compact with respect to a(A*, A)-topology, and
Suppose the condition (iii), so that A a is commutative. The transposed mapping of E is a weakly continuous and affine bijection between the compact set of positive forms on A a of norm ^1 and the compact set of G-invariant positive forms on A of norm ^1. Therefore Q is homeomorphic to the spectrum of A a , so that S is locally compact and A* is isomorphic to C 0 (<£). Moreover, considering the C*-algebra obtained from A by the adjunction of the unit, it follows that 6 is closed in the state space of A.
For Recently, Goodman and J0rgensen answered our problem in the affirmative for commutative C*-algebras, who also proved Theorem 3.4 independently [10] . The following theorem generalizes their rerult. [1] , [12] .
Remark. In [10] , it was shown that a closed *-derivation d in the C*-algebra JC(M) of all compact operators on a separable Hilbert space M is a generator if it commutes with an action a of a compact group G on JC(«#) and «X(c20 a n-0(5)Clker <5. This is valid for non-separable Hilbert spaces. The following proof is inspired by Kishimoto. It suffices to show that the set °U of all unitaries which implement some a g is weakly compact. Then "U induces an action on JC(^T) satisfying the same hypothesis as (G, a) . Clearly, the function U>->UxU* is weakly continuous on the unit ball of &(&) for any operator x of rank one, and hence for any compact operator. Since a(G) is compact with respect to the topology of weak pointwise convergence, it then follows that for any £7e^7, U and £7* implement some a g , so that <U is a unitary. Therefore °U is weakly compact.
